arXiv: 1502.0237Ivl [quant-ph] 9 Feb 2015 


INEQUALITIES FOR PURITY PARAMETERS 
FOR MULTIPARTITE AND SINGLE QUDIT STATES 


V.I. Man’ko^ and L.A. Markovich^* 


^P.N. Lebedev Physical Institute, Russian Academy of Sciences 
Leninskii Prospect 53, Moscow 119991, Russia 
“^Institute of Control Sciences, Russian Academy of Sciences 
Profsoyuznaya 65, Moscow 117997, Russia 
Moscow Institute of Physics and Technology (MIPT) 

* Corresponding author e-mail: kimol @ mail.ru 

Abstract 

We analyze a recently found inequality for eigenvalues of the density matrix and purity parameter 
describing either a bipartite system state or a single qudit state. The Minkowski type trace inequality 
for the density matrices of the qudit states is rewritten in terms of the purities. The properties of the 
obtained inequality are discussed. The A-states of the two qubits and the single qudit are considered 
in detail. A study of the relation of the obtained purity inequalities with the entanglement is presented. 
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1 Introduction 

Nowadays, the use of the deusity matrix operators to describe composite quautum states is of a big 
iuterest. Giveu the deusity operator p(l,2) of the whole system there is a possibility to coustruct two 
reduced deusity operators p(l) aud p{2) that describe states of the first aud the secoud subsystems, 
respectively. Differeut characteristics of quautum correlatious iu the composite systems are well kuowu 
aud studied iu this formalism. The properties of these correlatious are reflected by the existeuce of the 
set of equalities aud iuequalities regardiug eutropies aud iuformatious, both iu the quautum aud classical 
domaius dnuniiniiso]. 

However, the uotiou of the eutauglemeut for the system without subsystems, i.e. the siugle qudit, 
is uot so obvious. Receutly, it was observed iu [sHSlIll] that the quautum properties of the systems 
without subsystems cau be formulated by usiug au iuvertible map of iutegers 1,2,3... onto the pairs 
(triples, etc) of iutegers {i,k), i,k = 1,2,... (or semiiutegers). For example, the siugle qudit state 
j = 0,1/2,1,3/2, 2,... cau be mapped outo the deusity operator of the system coutaiuiug the subsystems 
like the state of the two qudits. Usiug this mappiug, the uotiou of the separability aud the eutauglemeut 
was exteuded iu |14) to the case of the siugle qudit A-state with j = 3/2. Iu [6] the Miukowski type 
iuequality with oue parameter [T] for the deusity matrices of the bipartite system was geueralized to 
the case of the siugle qudit state which does uot coutaiu subsystems. Iu |16j the Miukowski type trace 
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inequality with two parameters [2] was introduced for the system without subsystems. Note that the 
quantum correlations, similar to correlations analogous to the entanglement for the single qudit, were 
found and formulated in terms of a quantum contextuality in [9]. 

In [13] the new inequality for the purity parameters was introduced for the qudit state. The aim of 
the paper is to rewrite the Minkowski type inequality with two parameters in terms of the purities and 
to compare them with those given in m- The properties of the new purity inequalities are studied on 
the example of the X-states [8]. The relation of the obtained purity inequalities with the entanglement 
is shown by the example of the single qudit Gisin |7|, Werner [2T] and /3 states [T9]. 


2 The purity and Minkowski type trace inequality 

Let us define the N x N density matrix of the quantum state in the block form 


/ On 

012 • 

Ol^i 

021 

022 • 

• a2n 

V 0^,1 

an2 • 

On,n 


( 1 ) 


where p = p^,Trp=l, p>0 and N = nm. The blocks aij denote a m x m matrices. If the density 
matrix m describes the system with subsystems, i.e. the bipartite state (the two-qubit system), then we 
can consider two subsystems. Reduced density matrices pi, p 2 are defined as partial traces of ([I]). 
However, the density matrix written in the form ([T]) can also describe the single qudit state. Using 
techniques described in m, i-e. the analog of the partial tracing of the block matrix of the two-qubit 
state, we can write two matrices 


Pi = Tr2P = 


Tran 

Trai2 • 

•• Train 

Tra2i 

Tra22 • 

•• Tra2n 

Trani 

Tran2 • 

TrUnn 


P2 = Trip = flfcfc ■ 
k=l 


(2) 


The latter matrices do not correspond to subsystems like in the bipartite state, but we can formally write 
the purity parameter for the single qudit state by 


II 

to 

( 3 ) 

and the purity parameters corresponding to the matrices ([2]) by 


Pi = Trpj, p 2 = Trpl. 

( 4 ) 

In [13] the deformed inequality for the qudit state 


Pi+ P2 — ^ < Pl2 

( 5 ) 
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was introduced. For the given real numbers p and q we introduce the following notations 



( aii{p) 

auip) ■ 

• ain{p) \ 


/ 011(9) 

012(9) • 

• Oin( 9 ) \ 

/ = 

a2i{p) 

022 (p) • 

■ a2n{p) 

, P'' = 

021(9) 

022(9) • 

• 02 n( 9 ) 


\ Qnlip) an2{p) ••• ann{p)J \ CLnliq) an2{q) ••• ann{q)J 


The Minkowski type trace inequality with two parameters [2] for the quantum system with the matrix 
m reads as 


or 







{Tr2pPfP 


1/q 




< 


/ 

Tr 

V 


( Traix{p) 

Trai2{p) ■ 

■ Trainip) 

Tra 2 i{p) 

Tra22{p) ■ 

■ Tra2n{p) 

\ Truniip) 

Tran2{p) ■ 

■ Trannip) 


/ / 


( 6 ) 


(7) 


The inequality holds for all 1 < g < p. Otherwise, it should be reversed. The latter inequality holds both 
for the quantum systems with subsystems and for the single qudit states. 

We rewrite the inequality ([7]) in terms of the purities (jH). In case that q = 2 and p = 1, it is easy to 
see that the latter inequality can be rewritten as 


1/2 

P2 


< Tri 


(Tr2p2) 


1 / 2 ' 


( 8 ) 


Similarly, in the case q = I and p = 2, the inequality ([7]) can be rewritten as 


1/2 


< Tr2 


(rrip2) 


1 / 2 ' 


(9) 


Notice, that since 1 < p < q holds the inequality ([7|) has been reversed. Combining ([5]) and ([1]) we can 
write 


Pi+ P2< [ Tr2 


{Trip^) 


2^1/2 


+ (Tri 


{Tr2P^) 


2^1/2 


Reducing (1101) to the form of (l5|), the following inequality can be rewritten as 

Pi+ P2-'^<P, 


( 10 ) 


( 11 ) 


where we introduce the notation p = (Tr 2 (Trip^) 


iV2 


+ Tri 


{Tt2P^) 


1/2 


— 1. Hence, it is 


interesting to compare the right hand sides of the inequalities ([5]) and dill) . 


3 


























3 The X-state for the single qudit 


If Pi 2 = /?13 = P 21 = P 31 = P 24 = Pm = Pi 2 = Paz = 0 holds, then the density matrix ([T|) has the form of 
the X-state density matrix 


P^ = 


^ Pll 

0 

0 

PlA ^ 


^ Pll 

0 

0 

PlA ^ 

0 

P 22 

P 23 

0 


0 

P 22 

P 23 

0 

0 

P32 

P33 

0 


0 

* 

P 23 

P33 

0 

y pai 

0 

0 

Paa / 


^ P\a 

0 

0 

P44 / 


( 12 ) 


where pii, P 22 , P 33 , Paa are positive reals and P 23 , Pia are complex quantities. The latter matrix has the unit 
trace and it is nonnegative if P 22 P 33 > |p 23 p, PiiPaa > |pi 4 p hold. In [19] the following two inequalities 
for having an entanglement are indicated as 

\P23\ < yjP 22 P 33 < \pia\ < \/PllPAA, 

\pia\ < y/P iiPaa < \P23\ < y/P22P33- 

Obviously, only one or none can be fulfilled. 

Let us rewrite the matrix (I12p in block form. The block matrices are determined by 

( Pll ^ \ ^ P1 a\ ( 0 P32 \ ( P33 0 \ 

\ 0 P22 J \ P23 0 y y p 4 i 0 J y 0 P44 J 

Hence, the purity parameters (|3|) and (jl|) of the X-state density matrix (fT^ are given by 
P 12 = Tr ( 1 + 2(|pi4p + |P23p), 

Pi = +^(^11^22 +P33P44), 

y Tra2i Tra22 J ^ 

4 

P2 = Tr{aii + 022 )^ = y^.p'ii + 2(piiP33 + P22Paa)- 


2=1 


Hence, substituting the latter purities in ([5|) we can write 


‘^'^Pii + ‘^{pil + PAa){P 22 + P 33 ) - 1 < + 2(|pi4p + |P23p)- 


2=1 


2 = 1 


Analogously, the inequality (jlip has the following representation 


(13) 


2 ^ Pii + 2(pii + Paa){P 22 + P 33 ) - 1 < h) 


2=1 


(14) 
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where 


— ‘^\jPll + P 22 + IPl4p + \P23\‘^\/P 33 + /344 + |pi4p + 1^23^ + ^ Pli 

+ + P 33 + |pi4p + |P23 Py^/522 + pIa + Ipi4p + \P2'i\^ + 4(|/3l4p + |P23p) “ 1 - 

Let us introduce examples of how the parameters of the density matrices impact on the sign of ^ — //12 
and its connection with the entanglement. 

One of the examples of the X-state is given by the Werner state [21]. The single qudit with the spin 
j = 2>12 can be described by the following Werner density matrix 


/ 0 0 I \ 

0 0 0 
0 0 0 
V 5 0 0 / 


(15) 


where the parameter p satisfies the inequality — | <p< 1. The parameter domain | < p < 1 corresponds 
to the entangled state. The purities ([3|) and dH of the matrix (fT^ are determined by 


3p2 +1 1 1 

^- 2’ ^2 - -• 

Hence, the inequality dH) has the form 0 < ■ For the Werner state the inequalities dll) and dSj) are 

the same and state as ^ ■ Hence, the inequality (ttH) implies 0 < 3p^. The latter results are 

illustrated by Figures (D and [2] for various values of the parameter p of the matrix (fl^ - Visible, that the 
right part of the inequality (flT]) is larger than the right part of the inequality dS]), i-e. p — P 12 > 0, when 
the parameter p belongs to the domain ^ < p < 1 which corresponds to the entangled state. 

The second example of the V-state is provided by the Gisin state [Tj. It is given by the following 
density matrix 


/ 0 0 

Q 0 x\a\‘^ xab* 

^ 0 xa*b x|5p 

y 0 0 0 

where |ap + |6p = l, 0<x<l. In [18j it is shown, that the latter matrix has positive eigenvalues if 
x < holds. We denote it as Xmax = The left hand side of dSj) and (flT]) is equal to 

pi + /i 2 -l = (2 (lal"^ + - 1 ) . (17) 

The right hand side of the inequality (jUp reads 

p = x(3x - 2) + Vx2(4|a|2 + 1) - 2x + l^/x‘^{4:\b\‘^ + 1) - 2x + 1. (18) 


0 

0 

0 

1—x 


(16) 
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Figure 1: The left part (black line) and the right 
part (dotted line) of the inequality (l8|) for the 
Werner state (jlSp of the qudit with the spin j = ?>l2 
against the parameter p. 


Figure 2: pi 2 (black line), J1 (dotted line) for the 
Werner state (fTTI) of the qudit with the spin j = 3/2 
against the parameter p. 


The purity of the whole system is given by the following term 

Pi2 = (19) 

We can rewrite the inequalities ([5]) and dill) using the latter results. The results are shown in Figures [5] 
and El The intersection points are determined by roots of the equation p — pi 2 = 0. Similarly to the 




Figure 3: pi 2 (black line), /t (dotted line) and (fT71) 
(dashed line) for the Gisin state (fTHl) of the qudit 
with the spin j = 3/2 against the parameter x for 
{o, 6} — {1,0}, Xfnax — !• 


Figure 4: pi 2 (black line), /t (dotted line) and (fTTP 
(dashed line) for the Gisin state (fTOl) of the qudit 
with the spin j = 3/2 against the parameter x for 
(a, 6} ^ {0.2,0.979}, Xmax = 0.718. 


6 
































Figure 5: fii 2 (black line), Jl (dotted line) and (fT7|) 
(dashed line) for the Gisin state (fT6l) of the qudit 
with the spin j = 3/2 against the parameter x for 
{a, 6} = {0.6,0.8}, Xjnax = 0.51. 


Figure 6: fii 2 (black line), Jl (dotted line) and (fTT)) 
(dashed line) for the Gisin state (fT6|) of the qudit 
with the spin j = 3/2 against the parameter x for 
{a,b} ^ {0.07,0.99}, Xmax = 0.87. 


Werner state, we have Jl — ^12 > 0 for the Gisin state in the domain x > Xmax that corresponds to the 
entangled state. 

The third example of the X-state is provided by the /3-state of the single qudit with the spin j = 3/2. 
It is given by the following density matrix 


P 




/ f 0 0 I \ 

0 Y ¥ 0 
0 0 
V ? 0 of/ 


( 20 ) 


where the parameter is 0 < /3 < 1. The latter state is separable in /3 = 1/2. The purities for the /3-state 
are given by 


/X 12 = 2/32 - 2/3 + 1, 




and the right hand side of the inequality (llip reads 


= 8/32 - 8/3 -h 3. 


The comparison of /Z 12 and Jl is shown in Figure [71 Since the state is entangled in the whole domain 
except of the point /3 = 1/2, the difference between the right hand sides of the inequalities ([S]) and (fTTI) 
is positive for all /3, i.e. Jl — ^12 > 0. 


4 Summary 

To conclude we point out the main results of the work. The Minkowski type trace inequality was 
rewritten in terms of the purities. Two new inequalities were obtained and compared with the known 
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Figure 7: The purity /ri 2 (black line), Jl (dotted line) 
and (fTT)) (dashed line) for the ;0-state (l20]l of the 
qudit with the spin j = 3/2 against the parameter 
13. 


inequality for the purities given in [T3]. It was shown by the examples of the Werner, the Gisin and the /3 
states that for the entangled state the right hand side of the inequality dill) is higher than the right hand 
side of the inequality ([5]). The obtained results give an idea, that in those domains where the quantum 
state is entangled the difference Ji — /ii 2 is necessarily positive. 
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